Abstract. In this article we study the topology of a family of real analytic germs F : (C 3 , 0) → (C, 0) with isolated critical point at 0, given by F (x, y, z) = f (x, y)g(x, y) + z r , where f and g are holomorphic, r ∈ Z + and r ≥ 2. We describe the link L F as a graph manifold using its natural open book decomposition, related to the Milnor fibration of the map-germ fḡ and the description of its monodromy as a quasi-periodic diffeomorphism through its Nielsen invariants. Furthermore, such a germ F gives rise to a Milnor fibration
Introduction
For some years, there has been interest in the study of the topology of suspension hypersurface singularities of type F = f + z r , where f is a holomorphic function from C 2 to C and z ∈ C, see for instance [14, 10, 9, 20, 19, 2, 13] . In the real analytic case, in [1] we were interested in the suspension singularities of type F (x, y, z) = xy(x p + y q ) + z r from C 3 to C where p, q, r ∈ Z + , p, q, r ≥ 2 and gcd(p, q) = 1. This family of functions has isolated singularity at the origin, we proved that the link L F is a Seifert manifold and we gave its Seifert invariants. Furthermore, we presented families of this kind of singularities such that the corresponding Milnor fibration does not give an open book decomposition of S 5 that comes from Milnor fibrations of complex singularities.
In this paper we are interested in a more general situation: given f, g : (C 2 , 0) → (C, 0) holomorphic germs such that the real analytic germ fḡ has isolated critical point at the origin, we define a new real analytic germ F : (C 3 , 0) → (C, 0) given by F (x, y, z) = f (x, y)g(x, y) + z r and we describe the topology of the link L F as a graph manifold.
Among the several works studying the topology of suspension singularities, [19] is particularly relevant to this work. In [19] , A. Pichon studied the topology of the link L F for F = f + z r a suspension singularity, where f is a reduced holomorphic germ from C 2 to C. Moreover, it is proved that for a 3-manifold M , there exists, at most, a finite number of holomorphic reduced germs f : (C 2 , 0) → (C, 0) such that M is homeomorphic to the link L F , where F = f + z r . In the present article we generalise the method given in [19] in order to study the topology of the link L F for F (x, y, z) = f (x, y)g(x, y) + z r . The description of L F as a graph manifold is given in terms of f , g and r, and it is based in the existence of a cyclic branched r-cover P : L F → S 3 with the link L fḡ as the ramification locus.
In [22] , A. Pichon and J. Seade proved that given f, g : (C 2 , 0) → (C, 0) holomorphic germs, if the germ fḡ has isolated critical point, then its Milnor fibration Φ fḡ is given by Φ fḡ = fḡ |fḡ| . The monodromy h of this Milnor fibration is a quasi-periodic diffeomorphism. Thus, through a pull-back diagram, we equip L F with an open book decomposition with open book fibration Φ ′ , such that a representative of the corresponding monodromy is the quasi-periodic diffeomorphism h r . We compute the Nielsen invariants of the monodromy h and then, using results given in [19] , we compute the Nielsen invariants of the monodromy h r . By Theorem 2.16, we obtain the Waldhausen decomposition of L F associated to the Waldhausen decomposition of S 3 given by the Milnor fibration Φ fḡ . Furthermore, we prove that F is a d-regular function (see [4] ) and by [4, Theorem 5.3] we have that F has Milnor fibration Φ F = F |F | . We also prove that if F is of the type F = f + z r , where f is a d-regular real analytic function, then the pair (S n+1 , L F ) is the r-fold cyclic suspension of the knot (S n−1 , L f ). This allows us to adapt [9, Lemma 6 .1] into a Join Theorem for d-regular functions, which gives the homotopy type of the Milnor fibre of F as the join of the Milnor fibre of f and r points.
Finally, we give the algorithm to compute the topology of the link L F as a graph manifold from the Milnor fibration Φ fḡ and r. Moreover, we apply such algorithm in some examples and, as in [1] , we show that in these examples the open book decomposition of S 5 given by the Milnor fibration Φ F cannot come from Milnor fibrations of complex singularities from C 3 to C.
Preliminaries on fibred plumbing links
This section presents some results from [3] , [5] , [20] and [22] on fibred plumbing links and their monodromy. For this, we present the concepts of plumbing manifolds, plumbing links and their representation by a graph (see for example [19, §4] ). Definition 2.1. A plumbing manifold M is a 3-manifold such that M is boundary of a 4-manifold P (Γ) obtained by plumbing according to a plumbing tree Γ.
Definition 2.2. A plumbing link is a pair (M, L)
where M is a plumbing manifold and L = K 1 ∪ . . . ∪ K n is an oriented link in M which is a union (possibly empty) of S 1 -fibres of the plumbed D 2 -bundles.
Notice that each K i has a natural orientation as the boundary of a D 2 -fibre. We denote by −K i the knot K i endowed with the opposite orientation. Then the oriented link L will be denoted by L = ǫ 1 K 1 ∪ . . . ∪ ǫ n K n where ǫ i ∈ {−1, +1}.
The homeomorphism class of the pair (M, L) is given by the plumbing tree Γ decorated with arrows in the following way: for each component K i of the link L, we attach an arrow weighted by the multiplicity (ǫ i ) to the vertex corresponding to the D 2 -bundle of which K i is a S 1 -fibre. The following theorem is a generalisation of a result of Eisenbud and Neumann ([7, Th 11.2] ) reformulated in terms of plumbing links. In [7] this result is proved for multilinks in Z-homology spheres and formulated in terms of splice diagrams. In terms of graph decompositions it is proved by Chaves ([3, Th 2.2.10]). For a short survey and proof, see [22, Th. 2.11] . 
where b i is the sum of the multiplicities ǫ j carried by the arrows attached to the vertex v i . Then L is fibred if there exist (m 1 , . . . , m s ) ∈ Z s such that the next two conditions hold:
i) The following system of equations is satisfied:
where t (·) means transposition, ii) for each node v j of Γ, the integer m j = 0. Definition 2.5. The system of equations (1) is called the monodromical system of L (see [20, Def 4.2] ).
Note that the solution to the system of equations (1) is unique when the matrix M Γ is non-degenerate; for example, when it is negative definite.
For each vertex v i of the plumbing tree Γ, let V i be the intersection of M and the D 2 -fibre bundle corresponding to v i . Then V i is a S 1 -bundle. In the proof of Theorem 2.4 one obtains that any fibration φ : M \ L → S 1 can be modified by an isotopy in such a way that each fibre of φ is transverse to all the plumbing tori of M and to all the S 1 -fibres of any V i such that m i = 0.
Remark 2.6. Let F be a fibre of φ, then the monodromy of the fibration φ admits a quasi-periodic representative h : F → F whose restriction to F i = F ∩ V i coincides with the first return map on F i of the fibres of V i endowed with the orientation ǫ i K, where K is oriented as the boundary of a D 2 -fibre of a plumbed bundle, and where ǫ i = mi |mi| . In particular, one has: Proposition 2.7. The order of h on F i equals |m i |.
2.1. The Nielsen graph of the monodromy h. In this section we present the construction of the Nielsen graph of a quasi-periodic diffeomorphism. First, let us recall the concept of Nielsen graph for a periodic diffeomorphism (see also [20, p. 347] ). This concept is based in the theory developed by Nielsen in [17] and [18] .
Let S be an oriented, compact, connected surface and let τ : S → S be an orientation preserving periodic diffeomorphism of order m ≥ 2. Then τ generates an action of the group Z m on S.
Let O be the orbit space of this action, i.e., O is the quotient of S under the following equivalence relation: given x, y ∈ S, x ∼ y if and only if exists k ∈ Z such that τ k (x) = y. Thus O is an orbifold of dimension 2 homeomorphic to an orientable, compact, connected surface.
Let ̟ : S → O be the projection onto the orbit space of τ . There exists a finite number of points p 1 , . . . , p s whose orbits under τ are of cardinality n i < m with i = 1, . . . , s. Let p i ∈ S be one of them, the orbit ̟ −1 (p i ) is called an exceptional orbit of τ . Then ̟ is a cyclic branched m-covering whose ramification locus is the set of these exceptional orbits in O.
Let λ i ∈ Z be defined as
If ∂S = ∅, let p i ∈ O be a point representing an exceptional orbit O i ∈ S of cardinality n i and let D i be a small 2-disc with centre p i , i.e., such that each
, which are cyclically exchanged by τ . Let D i,j be one of them such that the disc D i,j is oriented as S. Let us endow its boundary ∂D i,j with the induced orientation. Then τ | ni Di,j : D i,j → D i,j is conjugate to a rotation of angle 2π ωi λi with 0 < ω i < λ i and ω i prime relative to λ i . The orientation convention for D i,j and its boundary is essential to obtain a well-defined angle. Let
Definition 2.8. The pair (λ i , σ i ) is the valency of τ at p i (or the valency of τ for the orbit π(p i )).
If S has a non-empty boundary, then ∂O = ∅. Let O be the closed oriented surface obtained by attaching a 2-disc D ′ i on each boundary component of O and let S be the surface obtained by attaching a 2-disc on each boundary component of S. Let τ be the conical extension of τ to S. It may be that τ is not differentiable at the centre of the new discs but this is unimportant.
Then O is the orbit space of τ , given by the action of the group Z m on the surface S.
Let p ′ i be the centre of one of the discs D ′ i . We define the valency for the orbit of a boundary component of O as the valency of τ at p ′ i in the same way as for the exceptional orbits.
Notice that the boundary components of S are oriented as the boundary of the attached discs and not as the boundary of S.
From these valencies, one can construct a graph representing the diffeomorphism τ : Definition 2.9. Let G(τ ) be the graph constructed in the following way:
• The graph G(τ ) has only one vertex, representing the surface O. This vertex is weighted by the pair [m, g] where m is the order of τ and g is the genus of O, • we attach to the vertex of G(τ ) one stalk ( ) for each exceptional orbit and we weight it by the valency for the corresponding exceptional orbit, • we attach to the vertex of G(τ ) one boundary-stalk ( ) for each boundary component of O and we weight it by the valency for the corresponding boundary component.
The graph G(τ ) is called the Nielsen graph of the periodic diffeomorphism τ and the collection (m, g, (λ 1 , σ 1 ), . . . , (λ s ′ , σ s ′ )) consists of the Nielsen invariants of τ . Figure 1 shows the Nielsen graph G(τ ) of a diffeomorphism τ : S → S of order m with s exceptional orbits, where O has genus g and s ′ − s boundary components. -for any pair of distinct curves c i , c j ∈ C, we have that
) and h(C) = C, -the restriction of h to the complement of
is periodic, whereŮ (c) is the interior of U(c). The family C is called a reduction system of curves for the diffeomorphism h.
By [20, page 348] we can construct the Nielsen graph of the quasi-periodic diffeomorphism h in the following way.
Let C be a minimal reduction system for h. Let G h be the following graph:
• G h has one vertex for each connected component of F \ C, • let F i and F j be connected components of F\C such that there is a curve c ∈ C with c ⊂ F i ∩F j , where F i and F j are the closures of F i and F j respectively. Then G h has an edge between the vertices u i and u j corresponding to each such curve c. Now, let U(C) be a small tubular neighbourhood of C and let G h be the quotient graph of the induced action of h on the graph G h , where one vertex i of G h represents one connected component F i of F \ U(C) if h(x) ∈ F i for all x ∈ F i , and a vertex i represents q i (with q i > 1) connected components of F\U(C) if h permutes cyclically these q i components.
Let i be a vertex of G h such that i represents q i connected components of F\U(C), F i,j where 1 ≤ j ≤ q i . Let F i,j be one of them.
Let h i be the diffeomorphism defined by h i = h qi : F i,j → F i,j , then h i is a periodic diffeomorphism with order m i . Then h i generates an action of the group Z mi on F i,j . Let O i be the orbit space of this action and let g i be the genus of the orbit space O i of F i,j by h i .
For each vertex i of G h we construct the Nielsen graph G(h i ) and we complete the numerical information by weighting each vertex with the number q i (see Figure 2) .
Definition 2.11 ([20, page 347]). Given the quasi-periodic diffeomorphism h : F → F, let C be a reduction system for h. Let c ∈ C be a simple closed curve in F and let U(c) ⊂ F be as before, then there exists an orientation preserving diffeomorphism
then the restriction h N to U(c) is a Dehn twist and the restriction of h is characterised by a rational number t in the following way: Consider the path γ in U(c) defined by γ(s) = µ(s, e iθ ) where θ is fixed and s ∈ [−1, 1]. We orient γ by [−1, 1] and then, we orient c in such a way that γ · c = +1 in H 1 (U(c), Z). Then there exists K ∈ Z such that the cycles Kc and h N (γ) − γ are homologous in U(c). The rational number t = K N is called the twist number of h along c. Now, let A be an edge of the graph G h connecting the vertices i and j, i.e., it represents a curve c ∈ C such that c ⊂ F i ∩ F j . Let t be the twist of h along c. The two boundary components of U(c) are represented by two boundary-stalks in the Nielsen graphs G(h i ) and G(h j ) respectively.
Then we take the disjoint union of the Nielsen graphs G(h i ) and G(h j ), and we replace the two boundary-stalks by a single edge joining the vertices of the Nielsen graphs. We weight this edge with the twist t and the valencies of the eliminated boundary-stalks at its extremes (see Figure 3) . We repeat this process for all the edges in the graph G h and we obtain a new graph G(h).
The graph G(h) is the Nielsen graph of h.
2.2.
The Nielsen graph of the diffeomorphism h r . In order to describe the topology of the link L F as a graph manifold, we are interested to study the diffeomorphism h r , given the quasi-periodic diffeomorphism h. The following results allow us to construct the Nielsen graph of the diffeomorphism h r from the Nielsen graph G(h). They are Lemma 2.2 and Lemma 2.3 of [19] and their proofs appear there.
Lemma 2.12. Let h : F → F be a periodic diffeomorphism preserving the orientation of the surface F and let r ≥ 2 be an integer. Let π : F → O be the projection onto -
(n − n i ) .
-The orbit space O (r) has a maximum of
n i exceptional orbits and
When λ (r) = 1 the corresponding orbit is regular, in any other case it is an exceptional orbit of O (r) (see Figure 4 ).
G(h r ) Figure 4 . The Nielsen graphs (in one vertex) G(h) and G(h r ).
Lemma 2.13. Let h : F → F be a quasi-periodic diffeomorphism and let C be a minimal reduction system for h. Then the family C is a reduction system of h r and if t and t (r) are the twists of h and h r respectively near to a curve c ∈ C, then t (r) = rt.
This last result completes the information of the graph G(h r ).
2.3.
Open book of the diffeomorphism h r . Given a quasi-periodic diffeomorphism of a surface, one can construct the associated mapping torus and obtain an open book using the results given in this section. This open book with the corresponding binding is a fibred plumbing link.
Let us first show how to construct a graph describing the Waldhausen decomposition of a plumbing link.
Definition 2.14. Let M be a 3-manifold. A Waldhausen decomposition of M is a decomposition of M as a union of a finite number of 3-manifolds • For each exceptional fibre in M i \ L we attach to i a stalk weighted by the corresponding normalised Seifert invariant (α, β), i.e., 1 ≤ β < α.
• For each Seifert fibre in M i ∩ L we attach an arrow weighted by the corresponding normalised Seifert invariant (α, β), i.e., 0 ≤ β < α.
• The vertex is weighted by the genus g i of the orbit space of M i and the Euler obstruction e(M i ) to be defined below.
• Let M i and M j be two Seifert components in the Waldhausen decomposition of M and let i and j be the corresponding vertices; there is an edge between i and j if and only if the intersection M i ∩ M j is not empty.
• Each edge is oriented by the triplet (ε, α, β) (defined as in [15, § 1] ) in the following way: Let T be a separating torus between two Seifert components M i and M j (represented by vertices i and j respectively). Let U(T ) be a thickened torus, small neighbourhood of T and let T i ⊂ M i and T j ⊂ M j be its boundary components. Let us orient T i and T j as the boundary of
In the same way, we choose a j , b j ⊂ T j such that a j · b j = 1 in H 1 (T j , Z). Let g : T i → T j be an orientation reversing diffeomorphism, induced by the product structure of U(T ). There exists some integers ε ∈ {−1, 1}, α > 0 and β, β ′ ∈ Z such that
and
Moreover, it is possible to choose the curves a and a ′ in such a way that the integers β and β ′ are normalised, i.e., 0 ≤ β < α and 0 ≤ β ′ < α. If α > 1, β and β ′ satisfy the following relation:
If α = 1, then β = β ′ = 0. Thus, if the edge is oriented from i to j, the corresponding triplet is (ε, α, β); if the orientation is from j to i, we write the triplet (ε, α, β ′ ).
• Let M i be a Seifert component; for each boundary component of M i we have a normalised pair (α, β) which is related to the choice of a section on the boundary of M i ; the Euler obstruction e(M i ) is the obstruction to extend that section to all M i . In Figure 5 it is shown the graph
Now, given a periodic diffeomorphism τ : S → S of a surface S, we obtain the mapping torus T (τ ) as a Seifert manifold. Recall that the mapping torus T (τ ) of τ is the quotient of the product S × [0, 1] by the equivalence relation (x, 1) ∼ (τ (x), 0) for all x ∈ S.
The following result is proved in [12, Section 4.4] .
Lemma 2.15. Let S be a surface without boundary and let τ : S → S be a periodic diffeomorphism with s exceptional orbits. Let (λ i , σ i ) be their valencies with i = 1, . . . , s . Then the mapping torus T (τ ) is a Seifert manifold whose orbit space is the orbit space of τ and whose Seifert invariants are given as follows :
• There are s exceptional fibres whose Seifert invariants are (α i , β i ) = (λ i , σ i ) with i = 1 . . . , s, • the rational Euler number is 0, so the integral Euler obstruction e is given by :
Returning to the case of the quasi-periodic diffeomorphism h : F → F, we have that the mapping torus T (h) has boundary ∂F × S 1 . Let λ ∈ S 1 , then ∂F × {λ} is the boundary of a manifold
and let 
Moreover,
• consider a vertex of G(h) with genus g, order m and with neighbour valencies (λ i , σ i ), i = 1, . . . , s ′′ (taking into account all the incident edges, including those corresponding to stalks and boundary-stalks). Then the corresponding vertex of W(O(h), L(h)) is weighted by [g, e] where the integral Euler obstruction e is given by :
• for each stalk of G(h) with valency (λ i , σ i ) (with 1 ≤ i ≤ s), the corresponding exceptional fibre has Seifert invariant
• for each boundary-stalk of G(h) with valency (λ i , σ i ), twist t i and order m i in the adjacent vertex (with s + 1 ≤ i ≤ s ′ ), the corresponding Seifert invariant is
• for each edge of G(h), the triplet of the corresponding edge oriented from left to right is:
Notice that for each of the three previous equalities, there exists a choice of σ in its class modulo λ such that the corresponding pair (α, β) is normalised, i.e., 0 ≤ β < α. Let us fix such integers σ.
Figure 6. Isomorphism between the graphs G(h) and W(O(h), L(h)).
Formulae (3) and (4) Let T (h) be the mapping torus of h and let T = c × S 1 and T ′ = c ′ × S 1 be the boundary components of T (h). Let b ⊂ T be the curve which is the image in T (h) of the union of segments
and let b ′ ⊂ T ′ be the curve which is the image in T (h) of the union of segments
Then the following equation holds
where a is a curve on T such that a · b = 1 in H 1 (T, Z) and a ′ is a curve on (8) h
On the other hand, the cycle m
is the boundary of a 2-chain in T (h). Then, from (8), we obtain
For a and b, we have the following relation:
Combining (8), (9) and (10) we obtain
Proof of equation (5). Let us take a boundary-stalk of G(h) with valency (λ, σ), twist t and order m in the adjacent vertex. As we know, the diffeomorphism h is the identity on the boundary of F. Then, applying Lemma 2.17, we obtain
and on the other hand we have the following equality:
From these last two equations we get α = |tλ| and β = − t |t| · 1 − mtσ m ,
The link L F as an open book
In this section we present a family of real analytic functions F : C 3 → C with isolated singularity at the origin and we describe the link L F as an open book.
Let f, g : (C 2 , 0) → (C, 0) be two complex analytic germs such that the real analytic germ fḡ : (C 2 , 0) → (C, 0) has an isolated singularity at the origin. Consider the real analytic function F : C 3 → C given by
The description of L F as an open book is given in terms of the monodromy of the Milnor fibration of fḡ.
By [1, Proposition 1], the function F has an isolated singularity at the origin since the function f g has an isolated singularity at the origin. Let L F = S 5 ∩F −1 (0) denote the link of the singularity.
THE TOPOLOGY OF REAL SUSPENSION SINGULARITIES OF TYPE
ǫ be the link of fḡ. We set L fḡ as the oriented link L f − L g as in [22] .
By [22, Theorem 5.8] 
Let us consider the polydisc
In the sequel we will also denote this intersection by L F . The following proposition is an adaptation of [19, Proposition 1.5], which deals with the case f (x, y) + z k where f is holomorphic and reduced.
and let
|z| and let h be the monodromy of the Milnor fibration Φ fḡ . Then 1) the following diagram commutes:
2) P is a cyclic branched r-covering with ramification locus L fḡ and the restriction
is a homeomorphism, 3) the projection Φ
′ is an open book fibration with binding L ′ , 4) the fibres of Φ ′ and Φ fḡ are diffeomorphic and the monodromy h ′ of Φ ′ is equal to h r up to conjugacy in the mapping class group of the fibre.
Proof. Let us prove 1).
On the other hand, Φ ′ (x, y, z) = z |z| and
Hence Φ fḡ (P(x, y, z)) = −ρ r (Φ ′ (x, y, z)). Now, in order to prove 2), first we prove that the diagram (11) is a pull-back diagram.
Let Q be the pull-back of Φ fḡ by −ρ r defined by
Then, by the universal property of the pull-back, we have the following diagram:
where π 3 is the projection on the third coordinate, π 1,2 is the projection on the first two coordinates and
Then q is the inverse map of p and L F \ L ′ is diffeomorphic to Q. Notice that diagram (11) can also be seen as P being the pull-back of the cyclic covering −ρ r by Φ fḡ , then P is itself a cyclic covering of r leaves. Now, let (x, y) ∈ L fḡ , then P −1 (x, y) = {(x, y, 0) ∈ L F }, i.e., P −1 (x, y) consists of only one point. Then P from L F to S 3 is a branched cyclic r-covering with ramification locus L fḡ . Statement 3) can be proved in the following way. Let K be a connected component of L fḡ . Since Φ fḡ is an open book fibration of S 3 , there exists a small closed tubular neighbourhood U of K and a trivialisation δ :
1 × {0} and the following diagram commutes:
with λ ∈ S 1 and w ∈ D 2 . The composition δ • P gives a cyclic branched r-covering of S 1 × D 2 and in the other hand −ρ ′ r gives also a cyclic branched r-covering of S 1 × D 2 , both with the same ramification locus; then there exists an unique diffeomorphism δ
Then the following diagram commutes:
and Φ
′ is an open book fibration of L F . Now let us prove 4). Let F fḡ be one Milnor fibre of Φ fḡ and let F ′ ⊂ P −1 (F fḡ ) be one fibre of Φ ′ . Since the diagram (11) is a pull-back diagram, the restriction
is a diffeomorphism. Moreover, the preimage
be the flow of a vector field which is a lifting by Φ fḡ of the canonical tangent vector field on S 1 . Then γ is transverse to the fibres of Φ fḡ and a representative h of the monodromy of Φ fḡ is defined as the diffeomorphism of first return of γ over the fibre
and let h ′ be the representative of the monodromy of Φ ′ defined as the diffeomorphism of first return of the flow γ ′ on F ′ . By construction and since the covering is r-cyclic, one has the following commutative diagram
The link L F as a plumbing link
In this section we describe L F as a plumbing link and moreover, together with the open book structure given in the last section, we obtain that L F is a fibred plumbing link.
Let f, g holomorphic functions from C 2 to C such that the real analytic germ fḡ : (C 2 , 0) → (C, 0) has an isolated singularity at the origin. Let U be a neighbourhood of the origin in C 2 , let π : W → U be a resolution of the holomorphic germ f g and let Γ be its dual graph. Then one has 
The Nielsen graph of the monodromy h. As the monodromy h of the Milnor fibration Φ fḡ is a quasi-periodic diffeomorphism, we can describe it trough its Nielsen graph G(h).
Given a minimal reduction system C for h, by Section 2.1 we have that the Nielsen graph is given by Figure 7 , where G(h i ) is the Nielsen graph of the periodic diffeomorphism h i . 
The Nielsen graph of the diffeomorphism h
r . Let h : F fḡ → F fḡ be the monodromy of the Milnor fibration Φ fḡ with order m and let r ≥ 2. By Proposition 3.1, the diffeomorphism h r is a representative of the monodromy of the open book fibration Φ ′ , and by Section 2.2 we can describe its Nielsen invariants in terms of the Nielsen invariants of h.
Hence, by Lemmas 2.12 and 2.13, the Nielsen invariants of h r are given by:
• The order of h r is m (r) = m gcd(m,r) .
THE TOPOLOGY OF REAL SUSPENSION SINGULARITIES OF TYPE
(gcd(m, r) − gcd(m/λ i , r)) .
-The orbit space O (r) has a maximum of and
• the twist t (r) = rt.
Now, let T (h r ) be the mapping torus of the diffeomorphism h r and let F ′ be a fibre of Φ ′ . Hence T (h r ) has boundary
and π h r is the fibration Φ ′ . Thus, applying Theorem 2.16, the graph W(O(h r ), L(h r )) can be computed using the Nielsen graph G(h r ). Moreover, we can compute the plumbing tree corresponding to L F from the graph W(O(h r ), L(h r )), giving in this way a description of L F as a graph manifold in terms of the link L fḡ and the monodromy h of the Milnor fibration Φ fḡ .
Join Theorem for d-regular functions
In this section we show that if f and g are holomorphic germs from C 2 to C such that the real analytic germ fḡ has isolated critical point and r ≥ 2 is an integer, then the function F = fḡ + z r has a Milnor fibration with projection map F/|F |. Then we use a result given in [9] to study the topology of this fibration.
Cyclic suspensions.
In order to achieve our goal, we must define the cyclic suspension of a knot. For that we need some results of [8] , [9] and [14] .
is an oriented k-sphere with an oriented 2-codimensional submanifold K ⊂ S k . Notice that we use knot to denote also a link in the sense of Section 2. 
is an r-branched cyclic covering of S m , branched along K. 
) the map j is isotopic to i through maps satisfying condition a) except at the end of the isotopy, c) the map j is unique up to isotopy through maps which satisfy conditions a) and b).
Corollary 5.6. Let (S m , K) be a fibred knot and let (S m+2 , S m ) be the trivial knot. Then the following diagram commutes:
where j is the embedding of Lemma 5.5.
Definition 5.7 ([9, page 377]). Let K ⊗ [r] be the image
Then we obtain a new knot (S m+2 , K ⊗ [r]). This knot is called the r-fold cyclic suspension or briefly r-cyclic suspension of the knot (S m , K).
5.2.
The property of d-regularity. Now we present the concept of d-regularity, which is a necessary and sufficient condition for a real analytic function f to have Milnor fibration given by Φ f = f ||f || . Roughly speaking, a real analytic function f with isolated singularity is d-regular if and only if f has Milnor fibration Φ f = f /||f ||. Thus the link of the singularity L f is a fibred knot.
Let U be an open neighbourhood of 0 ∈ R n with n > 1. Let k ≤ n and let f : (U, 0) → (R k , 0) be an analytic map defined on U with isolated critical point at 0.
Let V = f −1 (0) and let B ε be a closed ball in R n , centred at 0, of sufficiently small radius ε, so that every sphere in this ball, centred at 0, meets transversely V , if V is not an isolated point at the origin.
One can define a family of real analytic spaces as follows. For each ℓ ∈ RP k−1 , consider the line L ℓ ⊂ R k passing through the origin corresponding to ℓ, let f | B ε be the restriction of f to the ball B ε and set
, then X ℓ is the vanishing set of h ℓ , which is real analytic. Hence {X ℓ } is a family of real analytic hypersurfaces parametrised by RP k−1 . The set of critical points of h ℓ is contained in the set of critical points of f | B ε (see [4, Lemma 2.1]). As f has isolated critical point at the origin, h ℓ has the origin as its only critical point. 
is a locally trivial fibration.
Remark 5.11. In fact, Theorem 5.10 appears in [4] in more generality than here. It holds as well for d-regular real analytic functions with isolated critical value, which satisfy the Thom a f -condition.
Next theorem is given as [14, Theorem 1] and the proof is essentially the same we present here. The proof is included here for clarity since there are involved other results that also differ slightly from the complex case.
Theorem 5.12. Let f : (R n , 0) → (R 2 , 0) be a d-regular real analytic germ with isolated critical point at the origin. Let ε > 0 be small enough and let L f = f −1 (0) ∩ S n−1 be the link of the singularity at the origin. Let
and denote by L F = F −1 (0) ∩ S n+1 its link at the origin. Then the pair (S n+1 , L F ) is the r-fold cyclic suspension of the knot (S n−1 , L f ).
In the proof of this theorem we need the two following results. The first one gives a characterisation of a d-regular function. The second one is a generalisation of [9, Lemma 4.1] and the proof presented here is basically the same presented there.
For more clarity, from now on we denote a point (x 1 , . . . , x n ) ∈ R n by x and the vector (x 1 , ..., x n ) ∈ T x R n ∼ = R by − → x .
Lemma 5.13 ([4, Lemma 5.2])
. Let U be an open neighbourhood of 0 ∈ R n with n > 1. Let k ≤ n and let f : (U, 0) → (R k , 0) be an analytic map defined on U with isolated critical point at 0. The map f is d-regular, if and only if there exists a smooth vector fieldṽ on B ε \ f −1 (0) which has the following properties:
i) It is radial; i.e., it is transverse to all spheres in B ε centred at 0 pointing outwards; ii) it is tangent to each X ℓ \ f −1 (0), whenever it is not empty; iii) it is transverse to all the tubes f −1 (∂D δ ).
Remark 5.14. Notice that in Lemma 5.13, the first condition is equivalent to ask that
where ·, · R n is the Euclidean product in R n . Moreover, the vector fieldṽ can be adjusted, multiplying it by a positive real function such that the second and third conditions can be interpreted as Proof of Theorem 5.12. Let
For ε small and any t, S ε (t) is the intersection of the sphere S n+1 ε and the smooth hypersurface tf (x) + z = 0, thus S ε (t) is a (n − 1)-sphere. Hence {S ε (t)} 0≤t≤1 gives an isotopy between the standard sphere S ε (0) ∼ = S n+1 ε and S ε (1). Also S ε (t) intersects transversely S ε (1) and S ε (t) ∩ S ε (1) = L f for all t < 1. Take S ε (1) ⊂ S n+1 ε as the "standard embedding" and let
be the embedding j of Lemma 5.5. Let
THE TOPOLOGY OF REAL SUSPENSION SINGULARITIES OF TYPE
Then the map π :
given by π(x, z) = (x, z r ) gives a branched r- . Then the vector field we are looking for is given by
in a thin neighbourhood of {0}×(C\0); so pasting v 1 and v 2 with a partition of unity we obtain the required vector field v.
The singularity at the origin of F is called a suspension singularity of type fḡ + z r .
Join Theorem for d-regular functions.
The aim in this section is to describe the homotopy type of the Milnor fibre F of the germ F = f + z r in terms of the homotopy type of the Milnor fibre
For this, we first show that the function F = f + z r is d-regular, which assures that it has Milnor fibration with projection 
Proof. Let ε 1 , ε 2 > 0 be such that S 
. On the other hand, let ρ r : C ∼ = R 2 → C ∼ = R 2 be the function defined by ρ r (z) = z r and let v 2 be the radial vector field on
In order to prove that F is d-regular, the idea is to find a vector field v on B n+2 ε
Let v be the vector field on B n+2 ε
since both terms are greater than zero. Then condition (i) follows (see Figure 8 ).
We also have that
And condition (ii) holds. By Lemma 5.13 and Remark 5.14, F is d-regular. 
Remark 5.18. Let ρ r : C → C be the function defined by ρ r (z) = z r . Note that ρ r has a Milnor fibration with projection
for any ε > 0 and the Milnor fibre F ρr consists of r points in S 1 ε and the monodromy h ρr is given by a cyclic permutation of this r points.
The following result is an adaptation of [9, Lemma 6.1] to the particular case of cyclic suspensions given by links of singularities and it describes the homotopy type of the Milnor fibre of F in terms of the Milnor fibres of f and ρ r . 
be the projection map of its Milnor fibration; let F be its Milnor fibre and h F its monodromy.
Then there exists a homotopy equivalence α : F f * F ρr → F which is compatible with the monodromy maps and their join; i.e., the following diagram commutes
Open books given by the Milnor fibration Φ F
In this section we recall the algorithm that allows us to compute the topology of the link L F and we use Theorem 5.19 in some examples, in order to see how is the open book decomposition of S 5 given by the Milnor fibration of F . Let f, g : (C 2 , 0) → (C, 0) be two complex analytic germs such that the real analytic germ fḡ : (C 2 , 0) → (C, 0) has an isolated singularity at the origin. Let F : (C 3 , 0) → (C, 0) be the real analytic germ defined by
with r ∈ Z + . As we saw in Section 3, the following diagram commutes:
where L fḡ is the link of fḡ, L F is the link of F , P is the projection onto the first two coordinates, Step 4. Applying Theorem 2.16, we compute the graph
Step 5. We compute the plumbing tree Γ such that L F = ∂P (Γ), where P (Γ) is the plumbing manifold obtained from Γ. Example 6.1. Let f : (C 2 , 0) → (C, 0) be the complex analytic germ defined by f (x, y) = x 2 + y 7 and let g : (C 2 , 0) → (C, 0) be the complex analytic germ defined by g(x, y) = x 5 + y 2 . Let F : (C 3 , 0) → (C, 0) be the germ defined by (1)
Then, the plumbing tree Γ fḡ is given by
After the change of orientation in the Seifert fibres, we obtain the following graph:
(1) (1) Here the twist 31 30 can be computed in two ways: • The first one is to consider the partial twists between the nodes and get the twist as the sum of them, • the other one is to compute the α corresponding to the edge joining the nodes.
By [16, Th. 5 .1], we have that
then α = 31. Applying equation (6), one obtains that
Third step: Let F : (C 3 , 0) → (C, 0) be the real analytic germ defined by
The link L F has an open book fibration with binding L ′ and monodromy h 3 . This monodromy is a quasi-periodic diffeomorphism, then we compute the Nielsen graph G(h 3 ) from the graph G(h). 
Then the plumbing tree Γ is given by −2
where L F ∼ = ∂P (Γ) and P (Γ) is the four-manifold obtained by plumbing 2-discs bundles according to Γ. The plumbing P (Γ) given by the plumbing tree Γ contains in its interior an exceptional divisor E as a strong deformation retract. Then the divisor E can be blown down to a point, and we get a complex surface V Γ with a normal singularity at 0. As in the proof of [1, Theorem 4], we compute the canonical class K of V Γ and obtain that K has non-integer coefficients.
It follows that the singularity (V Γ , 0) is not numerically Gorenstein and therefore it is not Gorenstein. Then there is not a complex analytic germ G : (C 3 , 0) → (C, 0) with isolated singularity at the origin such that the link L G is homeomorphic to the link L F . Example 6.2. Let f : (C 2 , 0) → (C, 0) be the complex analytic germ defined by f (x, y) = (x 2 + y 3 ) and let g : (C 2 , 0) → (C, 0) be the complex analytic germ defined by g(x, y) = (x 3 + y 2 ). Let F : (C 3 , 0) → (C, 0) be the germ defined by
The plumbing tree Γ fḡ is given in Figure 9 .
(1)
(0)
−2 Figure 9 . Plumbing tree Γ fḡ for f (x, y)g(x, y) = (x 2 + y 3 )(x 3 + y 2 ).
After the change of orientation of the Seifert fibres as we made above, we obtain the graph in Figure 10 .
(1) −2 Figure 10 . Plumbing tree obtained after the change of orientation in the plumbing tree Γ fḡ for f (x, y)g(x, y) = (x 2 + y 3 )(x 3 + y 2 ).
By Theorem 2.16, the Nielsen graph G(h) of the monodromy h of the Milnor fibration of fḡ is as in Figure 11 .
Note that, as we said, the twist is positive as a consequence of the change of sign of ǫ in the formula (6) . Now, the Nielsen graph G(h 2 ) is given in Figure 12 .
( 1 , 1 ) ( 1 , 1 ) 5 Figure 12 . Nielsen graph G(h 2 ) of h 2 with h the monodromy of the Milnor fibration of f (x, y)g(x, y) = (x 2 + y 3 )(x 3 + y 2 ).
By Theorem 2.16, the graph W(L F , L ′ ) is the graph shown in Figure 13 . From the graph W(L F , L ′ ), the corresponding plumbing tree Γ can be computed (see Figure 14) . As in the previous example, Γ represents the exceptional divisor in the interior of the manifold V Γ ; i.e., it is a graph resolution corresponding to a resolution V of a normal surface singularity (V, 0). Then, blowing down the two vertices with weights −1, one obtains the graph in Figure 15 . This graph is also the plumbing tree for L G , where G : (C 3 , 0) → (C, 0) is the germ G(x, y, z) = (x 2 + y 3 )(x 3 + y 2 ) + z 2 as is stated in [19, § 6, Examples] . Then the link L F is realisable by an holomorphic function from C 3 to C. Now we proceed to see if the open book fibrations given by F and G are equivalent. In order to see if the Milnor fibre F F is diffeomorphic to the Milnor fibre F G , we compute the genus of F F and the genus of F G . (1) Then, the plumbing tree Γ fḡ is given by 
(5) (1) −1 (1)
(1) (1) Figure 16 . Plumbing tree obtained after change of orientation. where L F ∼ = ∂P (Γ) with P (Γ) the four-manifold obtained by plumbing 2-discs bundles according to Γ. Now, as before, the plumbing P (Γ) contains in its interior an exceptional divisor E as a strong deformation retract, then E can be blown down to a point, and we get a complex surface V Γ with a normal singularity at 0. We compute the canonical class K of V Γ and we obtain that where V # is a smoothing of V , V is a good resolution of V and K is the canonical class of V .
From Figure 16 , we obtain that the Milnor fibre of fḡ, F , has genus 5 and two boundary components, then χ(F ) = 2 − 2g − 2 = −10 .
Also F is homotopically equivalent to 
where A is the intersection matrix of the plumbing in Figure 17 . Combining equations (17), (18) and (19), we obtain that χ(F F ) = 23 ≡ −15 = χ( V ) + K 2 (mod 12) .
Then, given a complex analytic germ G : (C 3 , 0) → (C, 0) with isolated singularity at the origin such that the link L G is homeomorphic to the link L F , the Milnor fibration of G is not equivalent to the Milnor fibration of F .
Remark 6.5. In Example 6.2, Laufer-Steenbrink formula (which gives Theorem 6.4) does not work as an obstruction as in the last example. In that case χ(F F ) and χ( V ) + K 2 are congruent modulo 12.
It remains to look for other kind of obstruction in order to compare the Milnor fibration of the function F of Example 6.2 with the Milnor fibration of a complex analytic germ G : (C 3 , 0) → (C, 0).
